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Determinants



①

The determinant will
allow us to

detect when a square
matrix has

aninve#
De Let A

be an nxn

matrix .

The matrix Aij

is defined to be the

( n - 1) ✗ (n- 1)
matrix

obtained

by removing
the i

- th row

and j - th
column

from A .

¥E[✗
remove row

2
,
column 3

A -1¥ :} ) Az
}

= ( £ & )



②
Az

≥

= ( £ } )

a- = (¥41T : a
row

2

A-- f. : i. %)9 10 11 I 2

S 6 7 8Ai-l.E.i://iii.IT1 3 14 1 5 16

remove

row
1

Column 3



Def Let A be an nxn matrix . ③
Let aij be

the number
in the

i - th row
and j - th

column of A .

Define the determinantofA_ ,
denoted by det (A) , as

follows :

① If n=l
and A = (au )

then del
- (A) = an

② If n=2
and A = (¥

,

%:)

"" ""

③}



③ If n ≥ 3
,
then pick

a column ; (where / ≤ j≤ n)
④

to
" expand on

" and define

del- (A) = [ C- 1)
"Jai
,
.

det(Ai;)
i= I
w

e- sums over
the rows

of A

column j
is fixed

This is called
the expansion

of

thedeterminantalongthej-thcoh.mn#-e:Inep3Yucanins-ead
expand along

a row
i ( where I ≤ e- ≤ n )

and then n

det (A)
= El- 1)

"Jaijdet (Ai;)
j
j sums

over
the columns

of A

row i
is fixed



Note: One can show
that

it doesn't
matter what

column or row you
pick

to expand
on .

You 'll always
get the

same

determinant
for A.

Notations
we will

also usegig
determinant .

Like this
:

s - l

det @ E) =/ i. ± /
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- (5) f-2)
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⑦

_EY¥f: -45s 4-a) f} %)
p

E×pand0J
det (A) = §

,

C- 1)
"

Zaizdet (Aia )

= ai"÷;ᵈ¥
+ (-lF2azzdet(A#

e- = 2
term

+ a¥a;¥¥



= ¥!¥÷!
⑧

+ i÷÷Eiiii! ,
+ iii.

ai"ai"ai)=
- ((-211-2)-(3/6)) it

' fifty-1,2+3

- 4 ((311-2)-101151)
G)
" (-43+24)+3

-4431131-(0×-4)
=
- [-11-41-6] -419]



⑨
So we have that

detf} -4%1=-1



④
€ :

we showed that

3%1=-1det 4-2-43
by expanding on

column 2
.

We now expand on row
1

to see if we get the
same

answer .



ÉF+¥ ④

detf} %)

=
1%1+1-111# + I} I

FEE.IE#IK-i::T9
(¥ ¥+11 (

'

= 3 [(-411-2)-(31/4)] - I . [(-211-2)
- (3) (SB

+ 0

= 3 C- 4) - [ 11] = -12+11 =①
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yexpandon3rdrowf-i.y.li: :/ ← i¥¥:tI 3 °

I 0
- I

iii. last ← l¥¥¥-I 2 0
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④
=/ 1%+4%4
rexpandonrow1onbethI (

- -
="¥÷:i¥¥¥i÷¥¥
+2411.1%1-0.1%+0.14]
*:# 1¥41:*

= -1 . / % / +2 . / ¥ / = - [2-3]*[2-3]
=①



lÑ-waytodo3x3determinants_ ④

( § ¥ § ) ← take determinant
of this

multiply

/ § ← together
and
add

multiply
and putCÉ¥ ← never

a -1
in front

of each
one

and add

then add
all results :

(1) (1) ( o ) t
C- I 1121 (3)

1- ( l ) ( o )
(2)

- (1) (1) (3)
- (1) (2) (2)

- C- 1) ( o )
( O )

= 0 - 6+0
- 3-4-10 =



Leti (¥ ④

def':l
= -0.1 : :/ +1.1%1-2.1

's -1

FÉ¥(¥HHi#t
= [0-3]-2[2-

=
-3-10=-130



I;;¥¥;÷:;+! .

④

① det / AT / = det (A)

② det ( AB ) = det (A)
• det (B)

③ If A-
' exists, then

det (A) =/ 0

④ If det (A) 1=0,
then A-

' exists

⑤ If A-
' exists, then

detCA-Y.de#A

⑥ det ( In ) =L where In is the

nxn identity
matrix

⑦ If A has a

}
E

row
of zeros

or a
column

of det 34%1=0
zeros, then ↑
def (A)= 0 8¥Ee



⑧ If a row is a multiple

of another row,
or if

a column
is a

multiple

of another
column in A

,

then det / A)
= 0 .

E×of⑧:-

det(i::)='""" "
=3 .co.in . ≥ ,

⊕

- I -37

p

that is ,
column

2 is

a multiple of
column I



FormulaforA-lfor2x2matrixA_I1g@LetA-fabd1Then.de
1- (A) =

ad - be

"

⇔ae+,⇔=aabc≠o,+A-
' exists

and

aAf
? ¥

[ Let
A = ( 's E)

Iet ( Al
= (1) 141

- (2) (3)
= 4-6=-2 ≠

0

So
,
A- ' exists

and

A-
'
= -1=15-1--1:¥

-

1=1 :3.
'%)

①
← det (A)


